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Abstract 
The strong independence number /Is(O) of a digraph D is the maximum cardinality of a set S of 
vertices of D so that the subdigraph induced by S is acyclic. For an integer 12 2, and a digraph D, the 
strong I-connectivity K,(D) (strong I-arc connectivity j&I)) of D is the minimum number of vertices 
(arcs) whose deletion from D produces a digraph with at least [strong components or a digraph with 
at most I- 1 vertices. For an integer n>O, a digraph D is said to be strongly (n,I)-connected if 
K,(D) > n. Several sufficient conditions for a digraph to be strongly (n, I)-connected are established. 
Let D be a digraph on p vertices. Then the sequence of numbers K~ (D), K~(D), , K,,(D) is called the 
sequence of strong connectivity numbers of D. Sequences of nonnegative integers that are sequences 
of strong connectivity numbers of digraphs are characterized. For a given integer 12 2 the strong 
[-connectivity function f; of a digraph D on p > I- 1 vertices and with x,(D) = K, is defined as follows: 
I;:{O, 1, . . ..K.}+Nu{O} and for O<k<q,fi(k)=~ where sk is the minimum strong I-arc-connec- 
tivity among all subdigraphs of D obtained by deleting k vertices from D. The strong 2-connectivity 
functions of digraphs (and in particular also of asymmetric digraphs) are characterized. Further, 
several necessary conditions for a function to be the strong I-connectivity function of a digraph are 
established. 
1. Introduction 
We follow the graph theory terminology of [3]. It is well known that the connec- 
tiuity (edge-connectivity) of a graph is the smallest number of vertices (edges) that 
must be deleted from the graph to disconnect the graph. These two parameters are 
used as measures of reliability of a network that can be modelled by a graph and have 
the advantage that they can be computed efficiently. However, there are situations 
where the connectivity is inadequate as a measure of reliability of a graph. For 
example, the trees P,+l and K1,,, n 2 3, both have n edges and connectivity 1, but the 
deletion of a cut-vertex from P n+l produces a graph with only two components, 
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whereas the deletion of a cut-vertex from K l,n produces a graph with n components. 
So in some sense K 1, n is less reliable than P, + 1, but the connectivity of these graphs 
does not provide this information. An alternative measure of reliability of graphs that 
does indicate that K l,n is less reliable than P,+ 1 for n33, was introduced in [2] and 
studied further in [4,7,8]. In particular, for an integer 12 2, the 1-connectiuiry q(G) of 
a graph G of order p b 1 is the smallest number of vertices whose deletion produces 
a disconnected graph with at least 1 components or a graph with at most l- 1 vertices. 
So if the independence number P(G) > 1, then Q(G) is the minimum number of vertices 
whose deletion produces a graph with at least 1 components. However, if b(G)< 1, then 
q(G)=p- 1+ 1. We say that a graph G is (n, 1)-connected if q(G)>n. 
The goal of this paper is to introduce and study the ‘l-connectivity’ of a digraph. 
Recall that a digraph D is strongly connected if, for every two vertices u and u of D, 
there exists both a u-v path and a v-u path in D. A strong component of a digraph is an 
induced subdigraph that is strongly connected and that is maximal with respect to this 
property. It is well-known that the strong components of a digraph partition its vertex 
set. The strong independence number /$(D) of a digraph D is the maximum cardinality 
of a set S of vertices of D so that the subdigraph (S) induced by S is acyclic, i.e. every 
strong component of (S) consists of a single vertex. Such a set S is called a strongly 
independent set. For example, if T is a transitive tournament of order p, then fl,( T) = p 
and if C, is a p-cycle, then p,(C,) = p - 1, whereas the strong independence number of 
the complete symmetric digraph Kf is 1. 
For an integer 122, and a digraph D of order p, the strong l-connectivity q(D) 
(strong l-arc connectivity At(D)) of D is the minimum number of vertices (arcs) whose 
deletion from D produces a digraph with at least 1 strong components or a digraph 
with at most 1- 1 vertices. So q(C,)= 1 and q(K,*)=p-1+ 1 if pal> 3. Further, 
AI( and ,&(Kz)=(p-l+l)(l-l)+(‘;‘)=p(l-1)-(I;’) for pal. Based on the 
work of Ford and Fulkerson [S, 61, efficient algorithms for computing the connec- 
tivity, i.e. tcz(D) = K(D) and the arc-connectiuity A(D) = A*(D) of a digraph D have been 
developed. However, in general no efficient algorithms for computing tct(D) and A,(D) 
exist. For an integer n 30 we say that a digraph D is strongly (n, I)-connected if 
K-t(D)>,n. 
2. Bounds on the strong l-connectivity of a digraph 
Chartrand et al, [2] provided the following sufficient condition for a graph to be 
(n, I)-connected. 
Theorem 2.1. Let G be a graph of order p with p(G) > 12 2. If for every vertex v of G, 
degu,P+(1-1)(n-2) / 
1 ’ 
then G is (n, 1)-connected. 
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This result can be extended to digraphs. 
Theorem 2.2. Let D be a digraph of order p 3 1+ n - 1 with fis(D) 2 12 2. zf for every 
vertex v of D, 
deg,v=id,v+od,v> 
p(l+ l)+n(l-1)-31+ 1 
1 
7 
then D is strongly (n, I)-connected. 
Proof. Assume, to the contrary, that D is a digraph that satisfies the hypothesis of the 
theorem but that is not strongly (n, I)-connected. Since ps(D) 3 1, there exists a set S of 
n- 1 vertices of D such that D-S has at least 1 strong components. Thus, D-S has 
a strong component D1 of order pi <(p-n + 1)/l. 
For any vertex v of D1, we note that if v is adjacent to any vertex w in 
V(D)-(V(D,)uS), then w is not adjacent from w. Hence, since 
deg,v<2(p,-1)+2(n-l)+p-PI--n+1 
=p+p,+n-3 
<p+P--n+l 
, ---++n-3 
1 
p(l+l)+n(l-1)-31+1 
= 
1 
This contradicts our assumption and therefore completes the proof. 0 
The result of Theorem 2.2 is best possible as we now show. Let 122 be an integer 
and let m and n be positive integers. For i = 1,2, . , 1, let Hi be the complete symmetric 
digraph of order m. Let HI+ 1 be a complete symmetric digraph of order n - 1 if n B 2. If 
n = 1, then let D be obtained from H,uH,u...uHI by adding all arcs of the type (x, y) 
where XE V(Hi) and yE(Hj) and 1 <i<j< 1. If n32, let D be obtained from 
H1uH2u...uH,fl by adding every pair of arcs of the types (x, y) and (y, x) where 
XE V(H,+ 1) and yEHi for 1 did 1 as well as all the arcs of the type (u, v) where UEH~, 
V~Hj and l<i<j<l. Then q(D)=n-1 and since p=ml+n-1, 
deg,v>(l+ l)m+2n-4= 
p(l+ l)+n(l- l)-31+ 1 
1 
for all VE V(D). 
In [7] another sufficient condition for a graph to be (n, l)-connected is established. 
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Theorem 2.3. Let G be a graph of order p 2 2, the degrees di of whose vertices satisfy 
dIddz<...<d,. Suppose n and 122 are integers with l<n<p-l+l. Ifd,<k+n-2 
*d,-,+,bp-k(l-1) f or each k such that 1 <k dL(p- n + 1)/l J, then G is (n, l)- 
connected. 
We now provide an extension of Theorem 2.3 to digraphs. 
Theorem 2.4. Let D be a digraph of order p>2 and let the degrees di of the vertices of 
D satisfy dl<d2<...ddp. Suppose n and 132 are integers with I<n<p-l+I. If 
dkQp+k+n-3 * d,_.+,>2p-k(l-1)-l 
for each integer k such that 1 <k <L(p- n + 1)/l], then D is strongly (n, l)-connected. 
Proof. Suppose the strong l-connectivity of D is less than n. Then there is a set S of 
n - 1 vertices such that D -S has either at least 1 strong components or order less than 
1. Since 1 S I = n - 1 < p - 1, it follows that D -S has at least 1 vertices; so D-S has at least 
1 strong components. 
Let D1 be a strong component of D - S of minimum order k. Then k d L (p - n + 1)/l J 
and so p+k+n-3<2p-k(l-l)-2<2p-k(l-1)-l. Each vertex in D, has degree 
at most p+ k+ n- 3 in D; so dk dp+ k+ n-3. Hence, by the hypothesis, 
d,_,+132p-k(l- l)- 1. Let REV-(SuV(D1)). Then u is nonadjacent to or from 
each vertex in at least l- 1 strong components of D -S, each of order at least k. Hence, 
deg,u<2(p-l)-k(l-1)<2p-k(l-1)-l. It follows that S has at least n elements, 
contrary to our assumption. 0 
The digraph following Theorem 2.2 also serves to illustrate that Theorem 2.4 is the 
best possible. Further, it is not difficult to see that Theorem 2.2 follows as a corollary 
to Theorem 2.4. 
3. Strong connectivity sequences of digraphs 
Let G be a graph of order p. Chartrand et al. [2] defined the sequence of numbers 
KZ(G),Q(G), . . . . KJG) as the sequence of connectivity numbers of G. They characterized 
sequences of integers that are connectivity numbers of a graph in the following 
theorem. 
Theorem 3.1. A sequence b2, b3, . . . . b, of nonnegative integers is the connectivity 
sequence of a graph G of order p if and only if there exists an integer k such that 
b,<b,<...db,<b,., and bk+i=p-(k+i)+l for i=l,2, . . ..p-k. Moreover 
k=b(G). 
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We now study the analogous concept for digraphs. Let D be a digraph of order p. 
Then the sequence Kz(D), Kg(D), . . . , K,(D) is called the sequence of strong connectivity 
numbers ofD. The following lemma will be useful when characterizing these sequences. 
Lemma 3.2. Let D be a digraph of order p> 2 and strong independence number 
p,(D) = /&. Then the sequence of strong connectivity numbers has a maximum value p - fl, 
at k=fi,+ 1, i.e. Kk(D)=p-/Is. 
Proof. For 1 <i<<p-f& we have Kp,+i(D)=p-(/js+i)+ 1. Clearly, the maximum of 
the subsequence 
IC~,+~(D),~.~~+~(D),...,K,(D) is K~,+I(D)=P-B~. 
Since the subsequence K*(D), K~(D), . . . , K-~,(D) of the sequence of connectivity num- 
bers is nondecreasing, K~$(D) is the maximum value of this subsequence. Since 
~c,~(D)<p--p,, the lemma now follows. 0 
Theorem 3.3. A sequence bZ, b3, . . , b, of nonnegative integers can be realized as the 
sequence of strong connectivity numbers of a digraph of order p tfand only tfthere exists 
an integer k such that b,<b,<...<bk<bbk+I and bk+i=p-(k+i)+ 1 for i= 1,2, . . . . 
p-k. Moreover k = pS(D). 
Proof. Let D be a digraph of order p. Let bi= Ki(D) for 26 i<p and let k=B,(D). 
Then, by the proof of Lemma 3.2, b2<b3<...bkdbk+1 and for ldidp-k, 
bk+i=p-(k+i)+ 1. 
Suppose now that bz, b3, . . . . b, is a sequence of nonnegative integers such that for 
some k the following conditions are satisfied: 
(i) O<bi<bi+, for 2<i<k and 
(ii) bkfi=p-(k+i)+ 1 for i=1,2, . . ..p-k. 
Define a sequence aZ,a3,...,ak+l by a2=bz, a,=b3-bZ, a4=b,-b3,...,ak+l 
= bk + 1 - bk. For 2 < i < k + 1, let Hi be the complete symmetric digraph of order ai if 
ai > 1. For convenience, we will assume that if ai = 0, then Hi has no vertices and edges. 
Let K denote the complete symmetric digraph of order p-k - 1::: a; = p - k - b,, 1 
and let H be the symmetric join of Hz, H3, . . , Hk+ 1 and K. Now let 
s=(~,,u~t...,uk+l } and construct a digraph D by joining each V,ES by a symmetric 
pair of arcs to each vertex in ul=, Hi. The order of D is p. Since S is a strongly 
independent set and since H = ( V(D) - S) is a complete symmetric digraph of order 
p-k and as each vertex of S is joined to at least one vertex of H by a symmetric pair of 
arcs, p,(D)=ISI=k. 
For r=2,3 ,..., k+l, let U,=IJl=, I and observe that the number of strong 
componentsofD-U,isatleastr.Thus,ti,(D)~IL/,I=Cf=2ai=brfor2~i~r+l.By 
a straightforward inductive argument it can be shown if S is a set of vertices that does 
not contain all the vertices of U,, then D-S has at most r- 1 strong components. So 
~r(D)a/Li,I=b,. Thus, Ki(D)=bifor i=2,3,...,k+l. Further, Kk+i(D)=p-(k+i)+l 
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for ldidp-k.Hence,b[=p--1+1=rcl(D)for1=k+1,k+2 ,..., p.Thus,b2,b3 ,..,, b, 
is the sequence of strong connectivity numbers of D and /Is(D) = k. 0 
Even though the connectivity and arc-connectivity of a digraph are easily comput- 
able measures of reliability of a network the strong connectivity sequence of a digraph 
provides more information on the reliability of a network. In particular, if Di and D2 
are two digraphs with the same strong connectivity and ki=max(lI Kl(Di)= k(Di)}, 
then Di can be considered to be more reliable than D2 if k, < k2. 
4. The strong l-connectivity function of a digraph 
The problem of disconnecting a graph by the deletion of both vertices and edges 
was first studied by Beineke and Harary [ 11. Let G be a graph with connectivity K. The 
function f: (0, 1, . . . . K}-+Nu{O} defined by f(r)= 1, where 1, is the minimum 
edge-connectivity among all subgraphs of G obtained by deleting Y vertices, 0 <r Q K, 
is called the connectivity function of G. Beineke and Harary characterized the connect- 
ivity functions of graphs in the following theorem. 
Theorem 4.1. Let K be a positive integer. A function f: (0, 1, . . . . rc}-+Nu{O) is the 
connectivity function of a graph with connectivity tia 1 if and only if f (rc)=O and f is 
decreasing. 
For a digraph D with strong connectivity K, the function f: {0, 1, . , K}+Nu(O} 
defined by f (r) = 1, where I, is the minimum arc-connectivity among all subdigraphs of 
D obtained by deleting r vertices, 0 d r d K, from D is called the connectivity function of 
D. Theorem 4.1 has an immediate extension to digraphs. 
Theorem 4.2. Let K be a positive integer. A function f: (0, 1, . . . . ~}+Nu{0} is the 
connectivity function of a digraph with connectivity K z 1 if and only iff (u) =0 and f is 
decreasing. 
Proof. Suppose f is the connectivity function of a digraph with connectivity u. Then 
f(~) = 0. Suppose 0 d k < K and that f (k) = lk. Then D contains a set S of k vertices such 
that n(D-S)= lk. Let E be a set of lk edges of D-S so that D’=D-S- E has at least 
two strong components. If D-S-E has a nontrivial strong component D1, then D1 
contains a vertex u that is incident with an edge of E. Hence, S’ = SW { v} is a set of k + 1 
vertices so that n(D - S’) d I E I- 1 = lk - 1. If every strong component of D-S-E is 
trivial, then D-S-E consists of exactly two vertices. Thus, D contains a set of kt 1 
vertices and lk - 1 edges whose deletion produces the trivial graph. Therefore, in either 
case f (k + 1) 6 lk - 1. Hence, f is decreasing. 
Suppose now that f: { 0, 1, . . , K} +Nu(O} is a decreasing function such that f (Jc) = 0. 
Let I_=f (0). Let Ho,H1, . . . . H, be K+ 1 disjoint copies of the complete symmetric 
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digraph KX. Denote the vertices of Hk by uk, j forj = 1,2, , %. Add a vertex u. and join 
it by a symmetric pair of arcs to every vertex of Ho. For O< kdq add vertices 
uk, 1, uk, 23 .“, uk,k and join each of these vertices to every vertex of V(Hk_ 1)u V(H,) by 
a symmetric pair of arcs. Finally, join rk _ i, i and G’k,i by a symmetric pair of arcs for 
i= 1,2, . ,f(k). Let D be the resulting digraph. It can now be shown that for each 
k = 1,2, . . . . K, the minimum arc-connectivity of a subdigraph obtained by deleting 
k vertices from D is %(D - fuk, 1 ,Uk,2,...,Uk,k})=I{(Vk-l,i.Uk,i): lGidf(k)}l=f(k). SO 
D hasf as its connectivity function. 0 
The digraph D constructed in the proof of Theorem 4.2 is a symmetric digraph, i.e. if 
(u, u) E E(D), then (0, u) E E(D). Since many digraphs are obtained by assigning direc- 
tions to the edges of a graph it is natural to consider the connectivity function of an 
asymmetric digraph. We now characterize the connectivity functions of these digraphs. 
Theorem 4.3. Let K be a positive integer. A function f: {0, 1, .., K}-+Nu{O} is the 
connectivity function of an asymmetric digraph with connectivity K 3 0 if and only if 
f(~) = 0 and j’ is decreasing. 
Proof. The necessity of the theorem follows as in Theorem 4.2. Suppose now that 
~:{O,~,...,K}~NU{O} . d IS a ecreasing function with f(rc) = 0. 
Let 3, =f(O). Consider K 21+ 1. It is well known that the edge set of this complete 
graph can be decomposed into 3. hamiltonian cycles Gi, G2, . . . , GA. Direct the edges of 
Gi (1 < i<l.) in such a way that a directed cycle Cl is produced. Let T be the 
tournament of order 21+ 1 whose arc set is u {E(G;) 11 <i<l}. Then T has strong 
connectivity and strong arc connectivity 3.. Let Ho, HI, . . , , H, be K + 1 disjoint copies 
Of T. Denote the Vertices Of Hk by vk_ 1, Ok, 2, . . . , uk, 1, wk, 1, u’k, 2, . . . , wk, 1+ 1. Add a Vertex 
u. and the arcs (uo, uO,;) for 1 <idi, as well as the arcs (Wo,j, uo) for 1 <j<E. + 1. For 
O<k<K add Vertices uk,i,uk,2, . . ..ak.k, and the arCS {(uk_l,i,uk,j)I l<i<i, 
1<j<kk)U{(Uk,j,Uk,i)I l<i<& ldjdk}U{(Uk,j,Wk-1,i)I l<j<k, ldi<i+l}U 
{ (wk, i, uk, j) 1 1 <<j < k, 1 <i < jl + l}. Finally, add the arcs (ok _ i, i, rk, i) for 1 d i <f(k) and 
(wk, j, wk- l,j) for 1 <j <f(k). Let D be the resulting asymmetric digraph. As in Theorem 
4.2 it can be shown thatfis the connectivity function of this asymmetric digraph. 0 
We turn to the problem of ‘disconnecting’ a digraph into more than two strong 
components by the deletion of vertices and arcs. 
In [S] the l-connectivity function fi of a graph G with l-connectivity rcl(G) = K] is 
defined as follows:f,: (0, 1, . . . . K~}+Nu{O} and for 06 k< q,f,(k)=s, where sk is the 
minimum I-edge-connectivity among all subgraphs of G obtained by deleting 
k vertices from G. Unfortunately, the l-connectivity function of a graph does not 
appear to have a simple characterization for 13 3. Several properties of this function 
have been established in [4,8]. We now investigate this concept for digraphs. Let D be 
a digraph of order p > I - 13 1 having strong l-connectivity K[(D) = K~. Then the strong 
l-connectivity function f; of D is defined as follows: fi : (0, 1, . . , K,>+Nu{O} and for 
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0~ k< q, f;(k)=s, where sk is the minimum strong l-arc-connectivity among all 
subdigraphs of D obtained by deleting k vertices from D. Thenf,(K-,)=O and f,(k) >O 
for 0 < k < q. Further, fi is a nonincreasing function; for suppose, 0 < k < I+ and that 
f;(k) = Sk. Then there CXiStS a Set vk Of k VertiCeS Of D and a St3 & Of sk edges Of D such 
that Dk = D - vk - Ek has at least 1 strong components. If D, has at least I + 1 vertices, 
then there exists a vertex u of D, such that Dk- {II} still has at least 1 strong 
components. So v,++ 1= vku{u} is a set of k + 1 vertices such that the number of strong 
Components Of D - vk + 1 - Ek iS at kaSt 1. So in this casef,(k + 1) d I& ( =f,(k). If Dk has 
exactly 1 vertices then k + 1 = ICY = p - 1+ 1. So in this case f;(k + 1) = 0 <f,(k). 
While the strong 2-connectivity function of a digraph is strictly decreasing, this is no 
longer the case for the strong l-connectivity functions of digraphs for 13 3. For 
example, if DsKq,,uK:, then k-,(D)=2 and ((0, l), (1, l), (2,O)) is the strong 
3-connectivity function of D and is thus not strictly decreasing. 
It was shown in [S] that if p 3 1, then the l-connectivity function of K, is given by 
f,(k)= o 
i 
(I-l)(p-1-k-t l)+(‘;r) for Odk<rc[(KJ, 
for k=tiJKJ=p-l+l. 
(1) 
Using arguments similar to those employed in [S], it can be shown that the strong 
l-connectivity function of Kp* is also given by the function defined in (1). 
For an integer 122 it was shown in [S] that if G is a graph andf;(k)=f,(k+ 1) for 
some k, 06 k< q(G), thenfi(k)d(‘;‘). We now establish an analogue for digraphs. 
Theorem 4.4. Let 13 2 and suppose D is a digraph with strong l-connectivity finctionf; 
and JQ and q(D)=n. Iff,(k)=f,(k+ 1)f or some k, O<k<n, thenf;(k)<(‘;‘). 
Proof. Letf,(k)=sk. Then there exists a set vk of k vertices of D and a set Ek of sk arcs 
of D such that D, = D - vk - Ek has at least 1 strong components. If e = (u, a) E Ek, then 
the strong component of Dk containing u (and the one containing a) consists of a single 
vertex, namely u (resp. u). To see this suppose, to the contrary, that u, say, belongs to 
a nontrivial strong component of D,. Then Dk -a has at least 1 strong components, i.e. 
D-(VkU{a})-(Ek-{e}) h as at least 1 strong components. However, then 
f;(k+l)GI&-{e}I 6 sk - 1 =f,(k) - 1, which contradicts our assumption. Now since 
f;(k + 1) > 0, it follows that p(D) - (k + 1) > 1, i.e. p(D) - k 3 I+ 1. Hence, Dk contains at 
least I+ 1 vertices. So since Dk + e has at most I- 1 strong components, Dk + e has at 
most I- 2 strong components that consist of a single vertex. Further, u and u belong to 
a nontrivial strong component of Dk+e. If D, has more than 1 strong components, 
then Dk - u has at least 1 strong components so that D - (vku{u}) - (Ek - e) has at least 
1 strong components. However, thenf,(k + 1) <h(k), which contradicts the hypothesis. 
Hence, DI, has exactly 1 strong components. This implies that Dk has at most I- 1 
trivial strong components. Further, from an earlier argument, no arc of Dk joins 
a vertex from a trivial strong component of Dk with a nontrivial strong component of 
Dk. Hence, the arcs of Dk are only between vertices that correspond to trivial 
components of Dk. Since at most (‘;I) arcs need to be deleted from any digraph on at 
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most I- 1 vertices to produce an acyclic digraph, it follows that lEkl <(‘;i), i.e. 
J;(k)d(‘2l). 0 
From Theorem 4.4 we know that if D is a digraph such thatfi(k)=fi(k+ 1) for some 
k(Ob k < tct(D)- l), then f,(k)d(‘;l). The next result shows that if, in addition, 
X(k)>(‘;‘), thenf;(j) for Odj< k cannot be arbitrarily large. 
Theorem 4.5. Let D be a digraph with tc,(D)=n, where 12 3 and let fi be as in 
Theorem 4.4. Iff,(k)=f,(k+l), for some k, Odk<n, and (‘;‘)-~fi(k)d(‘;~), then 
f;Cj)<(k-j)(l-l)+f,(k) for Odjdk-1. 
Proof. Let f;(m)=s, for Odmd n. Since fi(k)=J;(k+ 1) it follows from the proof of 
Theorem 4.4, that there is a set Vk of k vertices and a set Ek of sk arcs of D such that 
Dk = D - Vk - E, has exactly 1 components and where every arc of Ek is incident, in D, 
with a pair of vertices that each belong to a trivial strong component of Dk. Since 
Sk > (’ ;‘), D, contains more than 1- 2 trivial strong components. Sincef,(k) =f,(k + 1) 
= sk _ i > 0, we have p(D,) 3 1 + 1. Hence, Dk has at least one nontrivial strong compo- 
nent. Thus, Dk has exactly 1- 1 trivial strong components, with vertices say 
ul,uz ,..., u,_,.Let V={u1,u2 ,..., ui _ 1 }. Now every vertex of vk is adjacent to at most 
I- 1 vertices of V. Hence, any set of k-j vertices of vk, O<j < k- 1, is joined by at 
most (k-j) (1- 1) arcs to vertices of V. Let vk = {ui, u2, . . . , uk}. Then there are at most 
(k-j)(l- 1) arcs denoted by ES that join vertices of {Uj+i,Uj+z, . . ..uk} to vertices of 
V (0 d j 9 k - 1). Hence, D - (EbuE,) is disconnected with at least 1 strong components 
and for l<j<k-1, the digraph D-{u1,u2,..., Uj} -(E$E,) has at least 1 strong 
components. SO sj~(k-j)(l- l)+fi(k) for O<j< k- 1. 0 
It appears to be a difficult problem to characterize all l-connectivity functions of 
digraphs. However, the following result provides sufficient conditions for a function to 
be the l-connectivity function of some digraph. 
Theorem 4.6. Let 13 2 be an integer. Zff is a decreasing function from (0, 1, . . . , K}, K 2 1, 
to the nonnegative integers such that f (tc) = 0, then f is the strong l-connectivity function 
of some digraph. 
Proof. If 1= 2, then the result follows from Theorem 4.2. Let D be the digraph having 
f as strong f-connectivity function. Then for 123, DuI?_, is a digraph with 
l-connectivity function f, i.e. f,(k) =f(k) for 0 Q k < K. 0 
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